The computation of the one-loop effective action in a radially symmetric background can be reduced to a sum over partial-wave contributions, each of which is the logarithm of an appropriate one-dimensional radial determinant. While these individual radial determinants can be evaluated simply and efficiently using the Gel'fand-Yaglom method, the sum over all partial-wave contributions diverges. A renormalization procedure is needed to unambiguously define the finite renormalized effective action. Here we use a combination of the Schwinger proper-time method, and a resummed uniform DeWitt expansion. This provides a more elegant technique for extracting the large partial-wave contribution, compared to the higher-order radial WKB approach which had been used in previous work. We illustrate the general method with a complete analysis of the scalar one-loop effective action in a class of radially separable SU(2) Yang-Mills background fields. We also show that this method can be applied to the case where the background gauge fields have asymptotic limits appropriate to uniform field strengths, such as, for example, in the Minkowski solution, which describes an instanton immersed in a constant background. Detailed numerical results will be presented in a sequel.
I. INTRODUCTION
In the study of quantum field theories, one is often led to consider the one-loop effective action in nontrivial background fields. While the renormalization counterterm structure of one-loop effective actions can readily be exhibited for general backgrounds, the explicit evaluation of its full finite part in an interesting specific background still constitutes a highly nontrivial problem. For gauge theories, explicit analytic results are known only for very special backgrounds: the Euler-Heisenberg effective action for a background with constant Abelian field strength [1] [2] [3] , its generalization to a non-Abelian covariantly constant background [4 -7] , and a special solvable Abelian background [8] [9] [10] [11] . For applications in both continuum and lattice field theory, one would like to enlarge this set of backgrounds for which we have accurate computations of the finite renormalized effective action.
In a series of recent publications (together with Hyunsoo Min) [12] , we presented a new method for computing the renormalized one-loop effective action in a radially symmetric non-Abelian background, and used it to evaluate explicitly the QCD single-instanton determinant for arbitrary quark mass values. The related computation in the massless limit was performed in a classic paper of 't Hooft [13] , while the heavy quark mass limit was studied in [14, 15] . The new method in [12] works for any quark mass, not relying on small or large mass expansions, and the result interpolates smoothly and precisely between these two extremes. In this paper we present the general formalism, and we introduce a simplified analysis based on a uniform Schwinger-DeWitt expansion, replacing the higher-order radial WKB analysis used in [12, 16] . This approach has also been used to evaluate the exact determinant prefactor in false vacuum decay (or nucleation) [17] . Related techniques have been developed for a variety of field theoretic applications, including sphalerons [18, 19] and false vacuum decay [20, 21] , and the relation between the renormalization procedure in our partial-wave cutoff method and these Feynman diagrammatic approaches is explained in [22] , where a zeta function approach to the determinant of a radially symmetric Schrödinger operator is also given. Finally, we note that another related method has recently been applied to the two-dimensional chiral Higgs model [23] .
The starting idea is very simple. If the background field is radially symmetric, the effective action ÿ can be expressed formally in terms of one-dimensional functional determinants of radial differential operators for various partial waves. Explicitly, writing J for all quantum numbers specific to a given partial wave, it has the general structure
The finite, renormalized effective action is then evaluated as follows:
(i) The first sum is evaluated numerically using the Gel'fand-Yaglom method. (ii) The second sum is evaluated analytically in the large J L limit, after regulating the determinants. This step uses our uniform Schwinger-DeWitt expansion and Euler-Maclaurin summation. (iii) The analytic large J L behavior of the regulated determinants leads to the correct renormalization counterterm, and moreover cancels exactly the numerical divergences of the first sum as J L ! 1. This produces a finite renormalized answer. The technically difficult part of the computation is the analytic computation of the large J L behavior of the second sum in (1.2) . This was achieved in [12] using second-order radial WKB, based on Dunham's formula [31] . While this is very general, it can be quite cumbersome for complicated background fields. In this paper we present a simpler method to implement this part of the computation. The analysis reduces to simple algebraic manipulations, and can be more readily generalized. With this new approach we can now evaluate exactly the finite renormalized effective action for a very general class of radially symmetric backgrounds. In fact, with a background field involving an unspecified radial function, the large partial-wave contribution to the renormalized effective action can now be evaluated explicitly. This will be important to discuss the background-field dependence of the effective action and also to test various approximation schemes. This paper is organized as follows. In Sec. II we define the renormalized one-loop effective action for the case of a scalar field in a class of spherically symmetric Yang-Mills background fields, assuming four-dimensional Euclidean spacetime. Its Schwinger proper-time representation [2] is given. The full amplitude is then expressed using partialwave amplitudes, and we also elaborate here on the role of the two kinds of proper-time Green functions, one related to the quadratic differential operator given in 4D spacetime and the other for the radial quadratic differential operator. In Sec. III we explain how the large-l partial-wave contribution to the full effective action can be evaluated explicitly using a generalized DeWitt WKB expansion for the radial proper-time Green function (i.e., the 1 l -expansion) and the Euler-Maclaurin summation method. This allows us to present the renormalized one-loop effective action (in the class of spherically symmetric backgrounds) in a form amenable to direct numerical analysis. In Sec. IV we show that our 1 l -expansion formula can be applied to the calculation of the large partial-wave contribution even when background gauge fields do not fall off at large distance but approach those of uniform field strength. Also given here is the exact partial-wave-based treatment of the effective action in the background corresponding to strictly uniform self-dual field strengths. In Sec. V we conclude with some relevant discussions and comments. There are several appendices which contain supplementary materials and some technical details. In Appendix A the explicit form of the free radial proper-time Green function in n spacetime dimension is considered. In Appendix B we study the coefficient functions in the 1 l -expansion when the potential is matrix-valued. Appendix C contains a brief account of the Euler-Maclaurin summation formula, and some explicit results obtained using this formula in connection with our problem. In a sequel we will address matrix-valued problems in more detail, and present detailed numerical results for the general radial cases for which the formalism is developed in this current paper.
II. EFFECTIVE ACTION IN RADIALLY SYMMETRIC BACKGROUNDS

A. Renormalized effective action
We choose for our field theory model an SU(2) Euclidean Yang-Mills theory with a complex scalar matter field (in the fundamental representation), in fourdimensional spacetime. As far as our general methodology is concerned, the model choice is not crucial; but, by choosing this case, we are able to crosscheck readily the findings of the present work against those of Refs. [12, 16] . The case with Dirac fields is quite similar if one works with the squared Dirac operator. Also, by considering a gauge theory (rather than the much simpler scalar field theory), we can demonstrate the gauge invariance of our calculational method for the renormalized effective action.
Consider 
The expansion coefficients, a n x; x 0 n 0; 1; 2; . . ., and especially the coincidence limits a n x; x of the first few terms, can be found most simply using recurrence relations satisfied by the a n x; x 0 's. The divergence structure of ÿ A; m as ! 1 is governed by the values of tr a 1 x; x and tr a 2 x; x, and in our case we have [32, 33] tr a 1 x; x 0; tr a 2 x; x ÿ 1 12 trF xF x;
where F F a a 2 iD ; D is the field strength. Then the renormalized one-loop effective action in the minimal subtraction scheme is defined as
where is the renormalization scale.
B. Radial backgrounds
It is a very difficult problem to explicitly evaluate this renormalized effective action (2.8). For a generic background gauge field A x, there is currently no known method leading to an exact evaluation of the one-loop effective action. On the other hand, there are many interesting physical applications (e.g., vortices, monopoles, instantons, . . .) where the gauge background is radially symmetric. In this paper we show that this radial symmetry is strong enough to permit the computation of the renormalized effective action (2.8) .
A large class of such radial backgrounds is covered by the ansatz form:
where the radial functions fr and gr are left unspecified, and a a 1; 2; 3 denote the standard 't Hooft symbols [13] . With A x of the form (2.9), the covariant Laplacian operator ÿD 2 becomes (here
(2.10)
We may then define [13] 
to recast the expression (2.10) as
Based on this form, we may associate an infinite number of partial-wave radial differential operators with the given system. We distinguish between three important cases.
1. Case 1: gr 0, but fr Þ 0
Suppose that gr 0, but fr Þ 0. This is the form relevant to the instanton computation in [12, 13] . Then A x is given by the first piece only on the right-hand side of (2.9). Then, noting that there exists another set of angular-momentum-like operators
, partial waves can be specified by the quantum numbers J 1 l; j; j 3 ; l 3 , where 
Case 3: both fr and gr nonvanishing
The situation is somewhat more complicated if both fr and gr are nonvanishing, since ÿD 2 will then be nondiagonal in either basis considered above. This case can be treated by allowing partial-wave sectors themselves to be finite-dimensional vector spaces. Explicitly, taking a partial wave specified by the quantum numbers J 3 l; j 3 ; l 3 , we can represent the operator T 3 L 3 according to The Gel'fand-Yaglom method has a straightforward generalization [29] to matrix-valued operators, so the numerical part of the computation follows as before. Such matrixvalued radial operators have in fact been considered in [23] , and also occur naturally when considering fluctuations of a Dirac-spinor matter field in a radially symmetric background. An interesting subclass of these radial backgrounds consists of those that are self-dual (or anti-self-dual). Such gauge fields satisfy automatically the classical Yang-Mills field equations, and as such they are of particular importance. With our potential form in (2.9), such self-dual or anti-self-dual configurations are obtained if certain special functional forms are chosen for fr and gr. Explicitly, for self-dual configurations, the following choices can be made:
(i) fr ); this corresponds to a single antiinstanton in the singular gauge. With any of these classical solutions chosen as the background, our discussion above tells us that the operator ÿD 2 can be written in the partialwave expanded form. In particular, in the case of the Minkowski solution for which both fr and gr are nonvanishing, the related partial-wave differential operator will take a 2 2 matrix form.
But, in the following analysis, it will be sufficient to assume that our background potentials are just of the radial form (2.9)-i.e., they do not have to satisfy classical field equations.
C. Partial-wave decomposition of effective action
Taking advantage of this radial symmetry, we can make a partial-wave decomposition in (2.4):
where
The proper-time radial Green's function for each partial wave J is defined as
in terms of the radial operator
Note that we have extracted a measure factor r 3=2 in writingH r ÿ3=2 H r 3=2 . The form of the (possibly matrix valued) radial potential V J r depends on the specific form of the gauge field entering the covariant Laplacian operator. In each case, the effective radial partial-wave potential V J r contains a centrifugal term, having the structure
where l is the half-integer valued quantum number in (2.13).
The partial-wave-based representation of the regularized effective action is
dr trf J r; r; s ÿ free J r; r; sg:
Then, for the explicit evaluation of the renormalized effective action given by (2.8), it is convenient to separate the partial-wave sum into two parts [12, 16] : (i) the sum over partial waves with J J L (here, J L is chosen such that it may refer to some large l-value, l L); and (ii) the remaining infinite sum involving all J > J L terms. In the first contribution involving the finite J-sum, the regulator plays no role in the limit ! 1, and so may be removed from this sum. Based on this procedure, we can now write
On the right-hand side of (2. 2l 1F l;j 3 s:
Note that the degeneracy factors here contain a common factor (2l 1) from the l 3 -sum. Here, as the notations of (2.30a)-(2.30c) are used, the designation J J L or J > J L may be identified with the appropriate division in the values of the quantum number l, i.e., J J L when l L (L is some, arbitrarily chosen, large value) and J > J L when l > L. For example, the low partial-wave sum in (2.28) is expressed explicitly as
The low partial-wave contribution, ÿ JJ L , in (2.28), may be determined numerically. On the other hand, the large partial-wave contribution, ÿ J>J L , in (2.29), is calculated analytically for large L, to the desired accuracy in powers of 1=L.
D. Low partial-wave contribution
To evaluate the low partial-wave contribution ÿ JJ L , we use the Gel'fand-Yaglom technique [24 -30] , which can be summarized as follows. Suppose M 1 and M 2 denote two second-order radial differential operators on the interval r 2 0; 1. Then the ratio of the determinants is given by
where i r i 1; 2 satisfy the initial value problems:
Here l is the index in the centrifugal term in (2.25). Since an initial value problem is extremely simple to solve numerically, this provides an efficient calculational method for the individual radial determinants. Here we take M 1 H J m 2 , and M 2 H free J m 2 . Thus, 2 r is in fact known analytically. Then better numerical results are obtained [12] by considering directly the initial value problem with the second-order differential equation derived for the ratio function Sr ln 1 r= 2 r. This method has been implemented successfully in [12] for the instanton determinant computation, and for the false vacuum decay problem in both flat [17] and curved [35] spacetime. Furthermore, this method of calculating radial determinants can be generalized to the case when the second-order differential operator M in question contains a matrix-type potential [29] , as in our case 3. Explicit numerical results for the three radial cases discussed above will be presented in the sequel.
III. LARGE PARTIAL-WAVE CONTRIBUTIONS AND RENORMALIZATION
The large partial-wave contribution cannot be evaluated numerically because of the need to remove the heavy mass regulator, . Instead we compute analytically the large L behavior of ÿ J>J L
. To determine the large partial-wave contribution ÿ
J>J L
[given by (2.29)], one needs the large-l (i.e., l L) behavior of the function F J s. To that end, in Refs. [12, 16] we used the scattering phase shift representation of F J s, and then the radial WKB approximation up to second order. Here we present a much simpler approach, introducing a new ''uniform'' DeWitt expansion for the radial proper-time Green's function J r; r; s, which remains valid when l becomes large. As we shall see, this new approach gives rise to results in complete agreement with those from our earlier method, with much less labor.
A. Uniform DeWitt expansion
In the presence of the effective radial potential, Vr f4ll 1 3 4 =r 2 g V r, we seek a large-l asymptotic representation of the related proper-time Green's functioñ r; r 0 ; s:
We take V r to be a typical smooth potential. Now, as l becomes very large, the presence of the large centrifugal potential, 4ll 1 Although only small-s values are relevant, the usual small-s DeWitt expansion [the one-dimensional analogue of (2.6)] cannot serve this purpose since it fails to account for the effect of the large centrifugal potential term. There is a conflict between the small s limit and the large l limit. To see this problem more clearly, consider the behavior of the functionr; r 0 ; s with V r set to zero. For this free case, denoted
To obtain the desired large-l expansion of our radial proper-time Green's function, it is convenient to set 
We can here regard Ur to be strictly of order 1 l 2 0 , i.e., disregard the fact that it might contain terms with We can now exhibit the desired 1 l -expansion structure for our radial proper-time Green's function in the coincidence limit. Returning to the notations using Vr and s, it takes, based on the results of (3.11), (3.12), (3.13), and (3.14), the following form: [See Appendix A for the explicit verification that this gives rise to a correct large-l expansion for free r; r; s]. In effect we have resummed all nonderivative terms in the standard DeWitt expansion. These nonderivative terms are all of the form sV k for some k, and recalling that V depends quadratically on the partial-wave index l, we see that all these terms are of O1 for sl 2 O1. On the other hand, the remaining terms in the expansion (3.16) go like s 3 l 4 ssl 2 2 , and s 2 l 2 ssl 2 , etc., and so remain small in this uniform limit of small s and large l.
This modified expansion may be used even when Vr contains, apart from Ol 2 terms, some subleading terms as with the case Vr l 2 Ur lTr Qr; in this case, one can also generate an equally valid 1 l -expansion starting from the form (3.16) by having the exponential of the subleading terms, i.e., e ÿt=l 2 lTrQr expanded (partly or wholly) in powers of 1 l . This can be justified when r is restricted to the range in which Tr and Qr remain bounded. This trivial rearrangement can, in fact, be incorporated within our 1 l -expansion ansatz (3.5) by allowing the power series development in the ansatz to have also odd-power terms in 
B. Explicit large partial-wave contributions
We may use the form (3.16), with the formulas (2.22) and (2.29), to determine explicitly the large partial-wave contribution to the effective action. To facilitate this calculation, we follow Refs. [12, 16] Note that this is only to simplify our calculations; all the s-integrations appearing below can also be carried out within the original Pauli-Villars regularization framework. With this preparation, we now proceed to the calculation of ÿ J>J L A; m for our case 1 and case 2. Case 3 will be considered in the sequel.
Case 1
With H J 1 given in (2.14), we have the radial potential V l;j r 4ll 1 where V free l r 4ll 1 3 4 =r 2 , and we recall from (2.13) that the l summation is over integer and half-integer values. We remark that, if we consider the total of all explicitly kept terms in the integrand of (3.22), the neglected terms would at most be O The above expression is fully equivalent to that found using the second-order radial WKB approximation for phase shifts in Refs. [12, 16] . (Actually, in Refs. [12, 16] , the WKB approximation was used with the Langer-modified radial potential [37] ; but this is inessential for large partial-wave contributions as the difference corresponds to a trivial rearrangement of our 1 l -expansion series.) It is not difficult to see that this equivalence between the result based on the radial WKB approximation and our present approach using the 
All terms in this expansion, including the integral term, can be computed analytically. The result of this calculation, which is rather lengthy, is given in Appendix C. We thus obtain an explicit For the expression of ÿ J>J L A; m we must subtract the renormalization counterterm from the expression (3.24 This generalizes the result of Refs. [12, 16] where the calculation was performed assuming the special form fr 1 r 2 2 (i.e., the single-instanton solution). For any given radial function fr, one can then consider the sum of this analytic expression (3.28) for the large partial-wave contribution, and the numerically determined result for ÿ JJ L A; m [based on (2.28) and the relation (2.32)] to determine the corresponding full renormalized effective action. Each has quadratic, linear, and log divergences for large L. For large L, the L-dependence in the two expressions cancels, as was originally found in [12] . In fact, to improve the numerical efficiency of the full effective action calculation, one may extend the large L expression for ÿ J>J L A; m in (3.28), to include also terms up to O 1 L 2 . This can be done with the help of our 1 l -expansion, using the explicit expression for b 2 r; r; t in (3.15).
Case 2
With H J 2 given in (2.16), we have the radial potential V l;l 3 ;t 3 r 4ll 1 3 4 r 2 8grl 3 t 3 r 2 gr 2 : (3.29)
If we represent Fs by the form (2.30b) and use the correspondence (3.19), the first part of (2.29) can be expressed by We then perform the l-sum with the help of the Euler-Maclaurin summation formula; this produces a double-integral representation in which the integration over the proper-time variable s can be executed without too much difficulty. The result of these manipulations is Again we see that the divergent terms as ! 0 in (3.32) match precisely those of the renormalization counterterm. The full large partial-wave contribution, including the renormalization term, is thus given by 
This expression can now be combined with the numerical low partial-wave contribution to determine the finite renormalized effective action in a radial Yang-Mills background of the form A x 2 3 x gr 3 2 .
IV. CASES WITH ASYMPTOTICALLY UNIFORM FIELD STRENGTHS
In Ref. [36] the basis for the validity of the 1 l -expansion structure (3.5) was a perturbative argument: i.e., in the effective potential Vr 4ll 1 3 4 =r 2 V r, V r can be treated as a perturbation to the centrifugal potential term. We then saw in the previous section that the resulting explicit expression in (3.16), if used to calculate the large partial-wave contribution of the effective action, yields a result completely equivalent to that obtained from using the quantum-mechanical WKB approximation with scattering phase shifts [12, 16] . It is not immediately clear what happens if the potential is unbounded as r ! 1, in which case in the WKB language one should use a bound state analysis rather than a scattering analysis. This is precisely the potential form that arises when the gaugefield strength approaches a nonzero constant value at infinity. Indeed, in our case 2 with gr ÿ Thus, the eigenstates of the corresponding radial operator H J 2 consist of only bound states. In principle, for the large partial-wave contribution to the effective action, one might still try to use the quantum-mechanical WKB approximation; but, the WKB approximation for bound states has a rather different structure from that for scattering states. It is thus an important issue to know whether or not the 1 l -expansion for the radial proper-time Green function, considered in the previous section, retains its validity even when the potential V r blows up for large r, as above. In fact, our 1 l -expansion-based formula in (3.16) does describe the correct asymptotic form valid for all r 2 0; 1 even with such an unbounded potential; with the proviso that in (3.16), the exponential prefactor e ÿsVr cannot be replaced by its (truncated) power series in s, for the form to be valid even for very large r. That is, we also have infrared physics captured correctly by our large-l limit form of the radial proper-time Green function. We demonstrate this below through the treatment of an important special case, that of uniform self-dual field strengths for which the quadratic potential (4.1) is relevant. Note that the effective action in a uniform self-dual field strength background has been studied by many authors before [7, 38, 39] , but not using the partial-wave-based proper-time formalism. This analysis will also provide a useful comparison when we consider, in the sequel to this paper, the effective action in the inhomogeneous background described by the form (2.9) with fr 0 and gr ÿ B 2 tanhr=r 0 .
In our procedure the calculation of the one-loop effective action in the gauge-field background 4 r 2 . As we explained earlier, we want our large-l limit expression to have validity for s satisfying the condition 0 < sl 2 & O1. But no restriction follows on the range of the radial coordinate r, and so, for the given potential (which diverges quadratically for large r), we want our large-l limit form to be faithful with the true behavior for an arbitrarily large value of r 2 s. With this point kept in mind, we may set s t=l 2 and use the uniform asymptotic expansion for large orders for the modified Bessel function in Appendix A [see (A8)] with our expression (4.3), in the coincident limit, to obtain the large-l limit form We will now show that our radial proper-time Green function (4.3) can be used to rederive the known expression for the effective action. In a uniform self-dual field strength background, it is known that [38, 39] 4 sinhBs , aside from using the power series representation of the modified Bessel function. If we change the summation over k; to those over k; n 2k and use the relation 
V. CONCLUSIONS
In this work we have simplified significantly the calculational method for the one-loop effective action developed in Refs. [12, 16] , so that any radially symmetric background case may now be studied with calculational efficiency. The computation is split into two parts: the contribution from low partial waves is calculated numerically using the Gel'fand-Yaglom technique, and the contribution from high partial waves has been computed analytically using a modified DeWitt expansion. It is no longer necessary to invoke the results of higher-order quantum-mechanical WKB approximation explicitlythis is now automatically accounted for by using the The main results are contained in the expressions (3.28) and (3.35) for the analytic behavior of the large partialwave contribution to the renormalized effective action, for two general classes of radially symmetric gauge fields. Our approach observes gauge invariance, and can be used for any mass value for the associated quantum fluctuations. It can also be applied to the case with nonvanishing asymptotic backgrounds. In the sequel, we shall report an extensive analysis of the Yang-Mills one-loop effective action (not only for scalar matter but also for fermion fields as well), taking the radial gauge-field background form of the present work. We can then use these results to check for instance the range of validity of the derivative expansion [16, 39] .
In this work we have used the 1 l -expansion to calculate the large partial-wave contribution to the effective action. This expansion could alternatively be used to calculate approximately the lower partial-wave contributions as well. Aside from the Langer modification [37] which can easily be incorporated in our 1 l -expansion, this is effectively what we have done in Ref. [16] with the Yang-Mills instanton background; there, the instanton determinant was found to be good to 5% accuracy. One might be somewhat surprised by this success. But it need not be so surprising; observe that the 1 l -expansion as given in (3.16) also serves to generate a systematic derivative expansion. In fact, using the expansion (3.16), we have studied several cases of onedimensional functional determinants (including powerlike potentials and the case of Vx / sech 2 x), to find that the deviation from the exact value is typically not more than 5%. This observation could potentially be used to obtain simple approximate estimates for general radial background fields.
the consideration of the Laplacian @ @ in generalized spherical coordinates leads to the radial differential operator
where r x 
To obtain the explicit form of free =2 , one can resort to a variety of methods (developed to find the Green function of the one-dimensional Schrödinger equation especially). A particularly elegant method is the one utilizing quantum canonical transformations, as detailed in Refs. [40, 41] 
The large-limiting form of free =2 r; r 0 ; s is of interest. Then, due to the large centrifugal potential term in (A5), we expect that the function free =2 r; r 0 ; s be significant (i.e., acquire not-too-small amplitude) only when s lies in the range 0 < s & A 2 , A denoting a constant of O1. Now, for some large given value of , suppose that we wish to obtain a systematic approximation of free =2 r; r 0 ; s which can be used for any s satisfying the condition 0 < s 2 & O1 (this incidentally implies that s 1). Then, to study the expression in (A6), we use the known large-order asymptotic expansion of the modified Bessel function [42] 
We remark that the form (A9) may be used to evaluate a certain quantity which involves, say, the integration of free =2 r; r 0 ; s over the full s-range [i.e., over s 2 0; 1], as long as is constrained to be large. This is because, when is large, (i) 
